Introduction and notation
Let G be a locally compact group with a fixed Haar measure X and let LP(G) be the associated real Lebesgue spaces (1 < p < oo). For each / g L°°(G) and x G G, let J e L°°(G) be defined by xf(y) = f(xy) (y e G). A subspace S of L°°(G) is said to be admissible if it contains the constants and / for each f e S and x e G. Let LIM(S) be the set of all the left invariant means on S, i.e. all meS* with m > 0, m(l) = I, and m(xf) = m(f) (x e G, f e S).
If LIM(L°°(G)) ¿ (j>, we say that G is amenable. It is well known that, for any locally compact group G, G is amenable if Gd is amenable, where Gd is the group G with discrete topology. The converse is not always true. The purpose of this paper is to give a characterization of a locally compact group which is amenable as a discrete group and criteria for the amenability of a locally compact group and a discrete group in terms of the subspaces of L°°(G). We also answer three of the problems raised by Rosenblatt and Yang in [7] .
For / g L°°(G) and a constant c, we say that / left averages to c if c e II ' Hoc." cl°sed convex of {xf : x e G} . Let sf denote the set of all functions which left average to some constant and sf0 denote the set of functions which left average to 0. If / G L°°(G), let Sf be the smallest admissible subspace generated by /. / G L°°(G) is said to have a unique left invariant mean value if LI M (SA t¿ (f> and there is a constant c such that for each m e LI M (SA , m(f) = c. See [7] for more details. The set of all functions with a unique left invariant mean value is denoted by W and let H be the linear span of {f-xf:feL°°(G), xeG}.
In §2, we use a theorem of Chou in [1] [7] .
In §3, we prove that % is not a subspace for any nonamenable group. This answers a problem asked by Rosenblatt and Yang in [7] . Consequently, we show that G is amenable if and only if % is a subspace for a discrete group. We also settle a problem asked by Rosenblatt and Yang in [7] on whether there is a largest admissible subspace with a unique left invariant mean. We show that there is such a subspace if and only if G is amenable.
Locally compact groups which are amenable as discrete groups
Let 3 be the maximal ideal space of L°°(G) with the Gelfand topology. Then 3¡ is a compact Hausdorff space. The Gelfand transform A is an isometry of L0C(G) onto C(3¡), the algebra of real-valued continuous functions on 3¡ with the supremum norm. Note that if 6 e 3¡, x6 is defined by xB(f) = d(xf) for / G L°°(G) and x G G.
Forest, let Pg : LX(G) -► £°°(G) be defined by (pgf)(x) = 6(xf), x eG. Here l°°(G) = L°°(Gd). Note that \\pe\\ < 1 , pe > 0, and pg(xf) = xpe(f) for x G G and / G L°°(G) (see Chou [1] ).
In [1] , Chou proved the following:
Theorem (Chou) . Fora o-compact locally compact group G, Gd is amenable if and only if for each 6 e 3¡, the subspace {pe(f) ■ f G L°°(C7)} of ¿oc(G) has a left invariant mean.
Our proof of Theorem 2.3 depends on this theorem of Chou. We first establish some lemmas. (ii) Since m e S*e is bounded, there are nonnegative m+, m eS¡ such that m = m+ -m~ , m+ = max(m, 0) and m~ = -min(m, 0) by (i) and (B.37)of [5] .
Let F0 e Se and f 0 > 0, since m+(F0) = sup{m(F) : 0 < F < F0, F e Se} if x G G and 0 < F < F0, then 0 < xF < XF0 and m(xF) = m(F). Hence m+(FQ) = m+(xF0). Since for any F e Se, there are F+, F' e Se such that F+ > 0, F~ > 0 and F = F+ -F~ , m+ is left invariant. Similarly, we can prove that m~ is left invariant. D
We are now ready to answer a question raised by Rosenblatt and Yang in [7] (Remark 3 after Theorem 1.5). is /-measurable since / is measurable on G0. Therefore f e L°°(G) (see [5, (11.31) and (15.8)]).
Let 0O G 30 be given and 6 e 31 be defined by 6(f) = 80(f \ G0) for any / G L°C(G). We first show that there is a left invariant mean me on Sd where Se = {pe(f) : f e LX(G) is a simple function } . Let He = span{xF -F : x e G, F e Se} and he e Hg.
Then there is a h G H such that hd = pe(h).
Claim. || 1 -h"\\ > 1 . Suppose e > 0 with ||1 -hñ h G H ç sí0, there are Xl > 0 and x¡ G G (i = 1, 2, E;=1a, = 1 and || EL Vélico <e/2-Then 
m i TLIM(L°°(G)). D 3. Amenable locally compact groups
For a locally compact group G, it is well known that if Gd is amenable, then 8r = || . H^-closed linear span {J -f : x e G, f e L°°(G)} u <T (see [7] ). Rosenblatt and Yang in [7] proved that if G is discrete and contains F2, the free group on two generators, then %A is not a subspace. They asked if %A is a subspace when G is not amenable. Our Theorem 3.4 answers this problem negatively.
The existence and uniqueness of the left invariant mean on L°°(G) have been discussed in many papers. It is natural to ask whether there exists a largest admissible subspace SM of L°°(G) with a unique left invariant mean (see [7, p. 
5, Problem (d)])
. It is proved in [7] that such space does not exist for any discrete group containing f2 . Our Theorem 3.6 answers this problem completely.
We need the following lemma, probably known, for which we were unable to find a reference.
A set E of G is called a permanently positive subset (P.P.) if f]"=l x¿E is not locally null for any x, , x2 xeG. Proof. If G is discrete or G is cr-compact and nondiscrete, then there is a subset A in G such that both A and Ac are P.P. sets in G (see [7, p. 5] and [8, Proposition 3.4] ). Let G be non-c-compact and nondiscrete. We can find an open and closed o -compact subgroup C70 of G (see [6, Proposition 22 .24]). Let A0 be a subset of G0 such that both A0 and ACQ = GQ ~ A0 are P.P. sets in G0 . Suppose {xaG0 : a G A} is all the left cosets of G0 in G. Let A = \Ja€A xaAQ . Since for any compact subset K of G, there are ax, a2, ... , an e A such that K ç \J"=xxaGQ, K n A = \J"=l xa AQ D K is measurable. Hence A is measurable (see [5, (11.31 ) and (15.8)]). For any g¡ e G (i = 1, 2, ... , n) , since G = Uq€a G0x~' , there is a( G A such that g¡ = y¡x~x for some yi e GQ (i = 1,1, ... , n). Hence Proof. It suffices to show that for each measurable subset E of G and x e G, xlE -lE e %. Assume that G is infinite. By Lemma 3.2, we can find a subset A in G such that both A and Ac are P.P. sets. Put EA = (E n A) U Ac, then EA is a P.P. set. By 
